TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 358, Number 7, Pages 2965-3001

S 0002-9947(05)03787-6

Article electronically published on June 10, 2005

BESOV SPACES WITH NON-DOUBLING MEASURES

DONGGAO DENG, YONGSHENG HAN, AND DACHUN YANG

ABSTRACT. Suppose that p is a Radon measure on R%, which may be non-
doubling. The only condition on g is the growth condition, namely, there is a
constant Co > 0 such that for all z € supp () and r > 0,

u(B(x,m)) < Cor™,

where 0 < n < d. In this paper, the authors establish a theory of Besov spaces
B;q(ﬂ) for 1 < p,¢g < oo and |s| < 0, where 6 > 0 is a real number which
depends on the non-doubling measure p, Cp, n and d. The method used to
define these spaces is new even for the classical case. As applications, the
lifting properties of these spaces by using the Riesz potential operators and
the dual spaces are obtained.

1. INTRODUCTION

Suppose that x is a Radon measure on R?, which may be non-doubling. The
only condition on pu is the growth condition, namely, there is a constant Cy > 0
such that for all € supp (u) and r > 0,

(1.1) w(B(z,r)) < Cor",

where 0 < n <d.

Our goal in this paper is to develop a theory of Besov spaces associated to non-
doubling measures on R<.

It is well known that the doubling property of the underlying measure is a basic
condition in the classical Calderén-Zygmund theory of harmonic analysis. Recently
more attention has been paid to non-doubling measures. It has been shown that
many results of this theory still hold without assuming the doubling property; see
[16l 17, (18, 19, 23] 241, 25] 29, [5] [6] for some results on Calderén-Zygmund operators,
[15, 26}, 27, 28] for some other results related to the spaces BMO(u) and H(p),
and [7, 8, [20] for the vector-valued inequalities on the Calderén-Zygmund operators
and weights.
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Let us first recall the definition of Besov spaces on R?. It is well known that
the Littlewood-Paley theory gives a uniform treatment of function spaces on R¢.
Suppose that 9 is a Schwartz function satisfying the following conditions:

(i) supp ¥ C {¢eR?: 1/2< ¢ <2}
(ii) ‘J(g)‘ > >0 for all 3/5 < |¢] < 5/3.

The Besov space B3 (R?) is defined to be the set of all f € S'(R?)/P(R?) such
that for —oco < s < oo and 0 < p, g < o0,

o0

1/q
”fHBZ,q(Rd) - { Z QSkq Hwk * f”%p(Rd)} < OO,

k=—o0

where 9y, (z) = 2% (2% z) for x € R? and k € Z, and S’'(R?)/P(R?) is the space of
Schwartz distributions modulo the space of all polynomials.

A key tool used to study these Besov spaces is the so-called Calderén reproducing
formula which was first provided by Calderén in [I]. This formula says that for any
given function v satisfying the above conditions (i) and (ii), there exists a function
¢ with the properties similar to 1 such that

(1.2) F=Y" orrturf,

k=—o00

where the series converges in L?(R?), S(R?) and S’(R%)/P(R%); see [4].

Using this formula one can show that the Besov spaces Bf,q(]Rd) are indepen-
dent of the choice of 1. Also using this formula one can establish the embedding
theorems, the interpolation theorems, duality, atomic decomposition and the T'1
theorems for the spaces ng (R%); see [4, 21, 31}, 132] for more details.

By Coifman’s ideas, David, Journé and Semmes in [3] provided the Littlewood-
Paley theory for spaces of homogeneous type introduced by Coifman and Weiss in
[2]. To be precise, if {S}7° _ is an approximation to the identity on a space of
homogeneous type, then their kernels { S (x, y)} 72, satisfy certain size and regular-
ity conditions; see [3] for the construction of such an approximation to the identity.
It is worth pointing out that the doubling property plays an important role in this
construction. Set Dy, = S, —Sj_1. Based on Coifman’s ideas (see [3] for the details),
at least formally, the identity operator I can be written as

(1.3) I= i Dy,

k=—o00

(T o)(zo
k=—oc0 Jj=—00

= Z Dy.D; + Z Dy.D,
lk—j|<N lk—j|>N

=Tnx+ Ryn.

David, Journé and Semmes proved that if IV is large enough, then Ry is bounded
on LP(X),1 < p < oo, with the operator norm less than 1. Therefore, if N is large
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enough and DY = > \jl<n Dy for k € Z, they obtained the following Calderén-
type reproducing formulae:

(1.4) f= Y Ty'DYDi(f)= > DiDYTy'(f),

k=—oc0 k=—oc0

where Tﬁl is the inverse of Ty and the series converge in LP(X), 1 < p < oo. Using
this formula, they were able to obtain the Littlewood-Paley theory for the space
LP(X): There exists a constant C' > 0 such that for all f € LP(X), 1 < p < oo,

- 1/2
CHIfllpecx) < { Z Dk(f)|2} < COllfllze(x)-

e L (X)

In [12], via the Littlewood-Paley theory, Sawyer and the second author of this paper
introduced the Besov space on spaces of homogeneous type. More precisely, they
first introduced a space of test functions, M(X) (which is also called the space
of smooth molecules in [9]), and approximations to the identity {Sx}3> ., whose
kernels satisfy all size and regularity conditions (as mentioned above in Coifman’s
construction), and furthermore, the second difference smoothness condition. They
then proved that if NV is large enough, Ry is bounded on the space of test functions,
M(X), with the operator norm less than 1. Using this fact, they obtained the
Calderén reproducing formula. To be precise, let {Sg}52 _ ., be any approximation
to the identity as in [I2] and Dy = S — Si_1 for k € Z. Then there exist families
of operators {Dy}3>___ and {D;}?°___ such that

(1.5) =Y DeDi(f)= Y DiDi(f),

k=—c k=—c
where the series converge in the norms of the space LP(X), 1 < p < oo, the space
M(X) and the dual space (M(X))", respectively.

Note that the formula in (1.5) is similar to that in (1.2), and the second difference
smoothness condition plays a crucial role in establishing (1.5). Thus, the theory of
Besov spaces on spaces of homogeneous type can be developed as in the case of RY.
More precisely, the Besov space on a space of homogeneous type (X, p, ), B;q(X)
for 1 < p, ¢ < oo and |s| < 6, where § depends on the regularity of Si(z,y), is
defined to be the set of all f € (M(X))" such that

oo 1/q
£l o) = { > 2Skq||Dk<f>|%p(X)} < o0,
k=—o0
where Dy (f)(x) = (Dg(z,-), f()); see [12] (also [10]) for the details. Again, using
formulae (1.5), one showed that Besov spaces are independent of the choice of
approximations to the identity {Sx}3> _ ., and, moreover, all other properties such
as embedding, interpolation, duality, atomic decomposition and the 71 theorem
were obtained; see [12] [10, 1T, [13] [14].

One of the main difficulties for developing a theory of Besov space with respect
to some non-doubling measure p which does not satisfy any regularity property,
apart from the growth condition (1.1), is the construction of approximations to
the identity. More recently, Tolsa constructed a “reasonable” approximation to the
identity. To be precise, Tolsa in [27] constructed a sequence of integral operators
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{Sk}22_ given by kernels {Si(z,y)}2__ defined on R? x RY. Moreover, these
kernels satisfy some appropriate size and regularity conditions and

/ Sk(x,y)du(y) =1
Rd

for all € supp (1) and Si(z,y) = Sk(y,z) for all k € Z. For each k € Z, set
Dy = Si, — Sk—_1, and then, again, based on Coifman’s ideas mentioned above, and
by use of the appropriate size and regularity conditions on Sk (z,y), the Cotlar-Stein
lemma (see [22]) and the Calderén-Zygmund theory associated to non-doubling
measures, Tolsa proved that the Calderén-type reproducing formula in (1.4) still
holds for non-doubling measures. Using this formula, Tolsa was able to establish
a Littlewood-Paley theory associated to non-doubling measures. However, the size
and regularity conditions of Sk (x,y) constructed by Tolsa are not enough to obtain
a Calder6n reproducing formula similar to (1.5). A crucial observation of this paper
is that if the norm || f|| B3, () for all L?(p) functions f is defined by

oo

1/q
1115, ={ > 2S’W||Dk<f>||%p(u)} <,

k=—oc0

where {Dj}%2 . are the same as in Tolsa’s Calderén-type reproducing formula,
then Ry in (1.3) is bounded with respect to this norm and the operator norm is
less than 1 if N is large enough. Hence, Tﬁl is bounded with respect to this norm.
This observation leads us to introduce a new “space of test functions” defined by

By () = { £ € L*40) : 111y, 0 < 0 -

We will prove that the Calderén-type reproducing formulae in (1.4) with Tolsa’s
approximations to the identity hold for the space of test functions, B} , ().
To show the Calderén-type reproducing formulae in (1.4) still hold on the “dis-
/

tribution (dual) space” (B.’;yq(u)) , as for spaces of homogeneous type mentioned

above, the second difference smoothness condition of the approximation to the iden-

tity is needed. We will show that Tolsa’s construction of approximations to identity

does have this property (see Lemma 2.1 (f) below) and, hence, the Calderén-type
I

reproducing formulae in (1.4) on the “distribution space” (B;)q(u)) are obtained.

As soon as the Calderén-type reproducing formulae on the distribution space are
established, we can develop a theory of Besov spaces with non-doubling measures
as in the cases of R? and spaces of homogeneous type.

The plan of this paper is the following. In the next section, we will show that the
approximation to the identity of Tolsa satisfies the second difference smoothness
estimate. Also, in this section, we will prove that the operator T&l is bounded
with respect to the norm || - HBsq(u)' To this end, we first prove that Ry in (1.3)
is bounded with respect to this norm with small operator norm; see Theorem 2.1
below. Some ideas of the proof of Theorem 2.1 are similar to the proof of the
Cotlar-Stein lemma (see [22]). The main result of this section is the Calderdén-type

. /
reproducing formulae on the distribution space (B; q(p)) ; see Theorem 2.2 below.

In Section 3, we will introduce the Besov space Bf,q (u) for 1 < p, ¢ <ooand|s| <6,
where 6 > 0 is a real number which depends on the non-doubling measure pu, Cy,
n and d; see Definition 2.5 below. Moreover, if u is the d-dimensional Lebesgue
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measure on R?, then # = 1/2 (see Remark 2.1 below). In this section, we will also
give some applications of these spaces. To be precise, we study the boundedness of
the Riesz potential operators on these spaces, and using them, we prove that these
spaces have lifting properties. Finally we consider their dual spaces in this section.

Throughout the paper, the letter C' will be used for constants that may change
from one occurrence to another. Constants with subscripts, such as, Cy, do not
change in different occurrences. The notation A ~ B means that there is some
constant C' > 0 such that C~'4 < B < CA. For any index ¢ € [1,00], we denote
by ¢’ the conjugate index, namely 1/¢+ 1/¢' = 1. We also denote NU {0} by Z.

2. CALDERON-TYPE REPRODUCING FORMULAE

We use the same notation and definitions as in Tolsa [27] (also [28]), and for the
reader’s convenience, we recall some basic notation and definitions here; see [27, 28]
for more details.

Throughout this paper, by a cube Q we mean a closed cube with sides parallel
to the axes and centered at some point of supp (u). Also, p@ is the cube concentric
with @ whose side length is p times the side length of Q.

We will assume that the constant Cj in (1.1) has been chosen big enough so that
for all cubes Q C R?, we have

(2.1) n(@) < Col(Q)",

where 0 < n < d and ¢(Q) is the side length of the cube Q.

We first recall the definition of doubling cubes of Tolsa in [26] 27]. Given a > 1
and 3 > o™, we say that the cube Q C R? is («, 3)-doubling if u(aQ) < Bu(Q); see
[26], 27] for the existence and some other basic properties of the doubling cubes.

For definiteness, if  and 3 are not specified, by a doubling cube we mean a
(2,29+1)-doubling cube in what follows.

Given cubes @, R C R? we denote by zo the center of @, and by Qg the
smallest cube concentric with ) containing @) and R.

Definition 2.1. Given two cubes @, R C R%, we define

1 1
5(Q. B) = max { J R e du(w)} .

We may treat points x € supp (u) as if they were cubes (with ¢(z) = 0). So, for
x, y € supp () and some cube @, the notations 6(z, Q) and d(x,y) make sense;
see [28, 27] for some useful properties of (-, -).

We now recall the definition of cubes of different generations in [27), 28]; see
[277, 28] for more details.

Definition 2.2. We say that « € supp (u) is a stopping point (or stopping cube)
if 6(z,Q) < oo for some cube Q > x with 0 < £(Q) < co. We say that R? is an
initial cube if 6(Q,R?) < oo for some cube @ with 0 < £(Q) < co. The cubes Q
such that 0 < ¢(Q) < oo are called transit cubes.

Let A be some big positive constant. In particular, we assume that A is much
bigger than the constants €y, €; and 7y, which appear, respectively, in Lemma 3.1,
Lemma 3.2 and Lemma 3.3 of [27]. Moreover, the constants A, g, €1 and vy depend
only on Cy, n and d.
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In what follows, for ¢ > 0 and a, b € R, the notation a = b + ¢ does not mean
any precise equality but the estimate |a — b| < e.

Definition 2.3. Assume that R? is not an initial cube. We fix some doubling
cube Ry C R?. This will be our “reference” cube. For each j € N, we let R_; be
some doubling cube concentric with Ry, containing Ry, and such that §(Ry, R—;) =
jA £ €1 (which exists because of Lemma 3.3 of [27]). If @ is a transit cube, we say
that @ is a cube of generation k € Z if it is a doubling cube, and for some cube
R_; containing ) we have

6(Q R_j)=(+k)Axer.
If @ = {z} is a stopping cube, we say that @ is a cube of generation k if for some
cube R_; containing x we have

Definition 2.4. Assume that R? is an initial cube. Then we choose R? as our
“reference”: If @ is a transit cube, we say that @ is a cube of generation k > 1 if

S(Q,RY) = kA +¢.

If @ = {«} is a stopping cube, we say that @Q is a cube of generation k > 1 if
§(z,RY) < kA £e.

Moreover, for all £ < 0 we say that R? is a cube of generation k.

In what follows, for any « € supp (1), we denote by @, some fixed doubling
cube centered at x of the kth generation.

It is easily seen that if A is big enough, then ¢(Qg rt+1) < €(Qzr)/10. Thus,
UQzr) — 0 as k — oo. In fact, the following more precise result was established
in [28] by Tolsa; see also [27].

Lemma 2.1. If A is big enough, then there exists some n > 0 such that for m € N
and QQr,k N 2Qy,k+m 7£ 0 with T, Yy € supp (:U')’ E(Qy,k+m) < 27nm€(Qz,k)'

The constant 7 appearing in Lemma 2.1] actually represents some kind of regu-
larity of the approximation to the identity of Tolsa in [27], which is very important
in establishing the theory of Besov spaces on R?.

Definition 2.5. Let 6 be half of the maximum 7 such that Lemma 2] holds.

Thus, 6 depends only on u, Cy, n and d. By the proof of Lemma 2.2 in [28],
6 € (0,00). Thus, the situation for spaces of non-homogeneous type is not the same
as spaces of homogeneous type.

Remark 2.1. If p is just the d-dimensional Lebesgue measure on RY, in this case,
we can take Ry in Definition 2.3 to be the unit cube centered at the original and
R_; for j € N to be the cube centered at the original with side length 27, Let wq_1
be the area of the unit ball in R%. Then A = wy_; in this case, and if Q is a cube
of generation k, then £(Q) ~ 27%. Thus, in this case, 7 in Lemma 2.1 is equal to 1
and 6 in Definition 2.5 is equal to 1/2.

We now define
o = 100¢y + 100¢; + 12711 C,.

We will also introduce two new constants «q, as > 0 such that

€0, €1, Ch K o0 K ag € g < A.
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Definition 2.6. Let y € supp (u). If Q, is a transit cube, we denote by Q!

Y,k
Qi,k, Q;k and Q‘Z’k some doubling cubes centered at y containing @), ;. such that
6(Qy,k, Q;k) a1 + €1,
6(Qy.k, Q;,k) o1 + oo ey,
6(Qy.k, Qj,k) =a;+ax+o0xe,
6(Qy.k, Q;k) =a;+ax+20£e€.

Also, we denote by Q;  and é;k some doubling cubes centered at y and con-
tained in @, x—1 satisfying

5(VQ;,ka Qy,kfl) =A- (651 +o + €1,
5(@}/ k> Qy,k—l) - A — Q1 + 20 + €1.

If any of the cubes Q  and Qy 1 does not exist because 6(y, Qy,x) is not big enough,
then we let it be the pomt 1.

If Qy i =RY, we set Q) = Q) = Q) = Q) = Qui = @y = RY.

If Qyr = {y} is a stopping cube and @, x—1 = {y} is also a stopping cube, we
set Q= Q2 = Q2 = Q5 = {y}. If Q& = {y} is a stopping cube but Q1
is not, then we choose Q;)k, Q;)k, Q;)k and Qf/k so that they are contained in
Qy,k—1, centered at y and

(ka?ka 1) A_Oélitéh
(ka7Qy, ) =A—a —as ey,
5(ka7Qy,k 1)=A—0 —ag —0 Fe,

(Qy,lm Qy’kfl) = A — Q] — Qg — 20 + €1.

If any of these cubes does not exist because §(y, @y, k—1) is not big enough, we let
this cube be the point y.

The following lemma is established in [28]; see also [27].

Lemma 2.2. Let y € supp (u). If we choose the constants ay, as and A big
enough, we have

21 <1 1 2 A2 3
Qy.r C Qy,k C Qy,k C Qy,k = Qy,k C Qy,k C Qy,k C Qy -1

For a fixed k, cubes of the kth generation may have very different sizes for
different y’s. The same happens for the cubes @, , and Q7 ;. Nevertheless, in [28]
(see also [27]), it has been shown that we still have some kind of regularity.

Lemma 2.3. Given z, y € supp (1), let Q, and Q, be the cubes centered at x and
y respectively, and assume that Q, N Qy # 0 and that there exists some cube Ry
containing QzUQy with |0(Qg, Ro) —0(Qy, Ro)| < 10€1. If R is some cube centered
at y containing Q, with §(Qy, Ry) > o0 — 10€1, then Q, C R,. As a consequence,
we have if Qu kN Qyr # 0, then Qu i C Qyr—1-

To recall the construction of the approximation to the identity of Tolsa in [27],
we first recall the following auxiliary functions v, ; and @ .
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Definition 2.7. For any y € supp (i), the function 1, 5 is a function on R¢ such
that

. 4 1
(@) 0<yi(@) < min (z(Q;,m v - x|”) |
1 .
(b) Ql)y’k(x) = W Zf x € Q’z,k \Q;]w
() supp (Yyx) C Q54

/ . 1 1
(d) |wy,k<x>|somm<g(%k)w yﬂnﬂ)

where C' > 0 is large enough.
Choosing as >0 big enough, for all y € supp (u), we define ¢, ,(x) = a;lw%k(az).

Using {yy.x}, we can recall the definition of the approximation to the identity
{Sk}keZ in [27}.

Definition 2.8. Let f € L{ (u) and = € supp (p). If Q. x # R?, then we set

loc
Suf@) = [ eur@dutn +max (0.5 [ eyu0)au) o)

Assume that Q. # R? fo~r some = € supp (u). Let My be the operator of
multiplication by My (z) = 1/S;1(x) and let W, be the operator of multiplication
by

Wi (x) = 1/S5(1/S,1) ().
We set S, = ngkagsz If Q. = R? for some x € supp (i), then we set
Sk =0.

Observe that, formally, Sp is an integral operator with the following positive
kernel:

(o) = a0+ (0.5 = [ oyul0)aus)) dza o)

where J, is the Dirac delta at x, and that if @, and @y 1 are transit cubes, then
Sy is also an integral operator with the following positive kernel:

(2.2) Sel9) = [ Mila)Sel, 2YWel2)Suly, ) M) dn(2).

We now recall some basic properties of the kernels {Sk(z,y) }rez in (2.2), more-
over, we will verify that they also have the regularity of the second difference.

Lemma 2.4. There exist a sequence of operators of { Sk} _ . with kernels Si(x,y)
defined on R% x R?. For each k € Z the following properties hold:

(a) Sk(xa y) = Sk(yvx)

(b) Jra Sk(@,y) duly) =1 for x € supp (u).

(¢) If Qqu 1s a transit cube, then supp (Sk(x,-)) C Qu k—1-

(d) If Qux and Qy 1 are transit cubes, then

C
(U(Qu) +(Qyk) + |z —y))™

0 S Sk(xay) S
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(€) If Quk, Qu k, Qur are transit cubes, and x, *' € Qg r for some xy €
supp (), then
|l — 2| 1
U(Qaok) (U(Qa) + U(Qyk) + |z —y[)"
() If Quks Qur iy Quie and Qy i are transit cubes, x, ' € Qg1 and y, y' €
Quyo.ke for some zg, yo € supp (1), then
(2.3) ISk (@, y) = Sk(a", )] = [Sk(@,y') = Sk(=", )|
<clr=l ly-v] 1 .
T UQao k) UQyo k) (U Qu k) + UQyk) + |z —y[)?
Proof. Let Si(z,y) for k € Z be the same as in (2.2). Tolsa in [27] has proved
that Sy(x,y) satisty (a), (b), (c), (d) and (e); see [27] for the details. We only need
to verify that Tolsa’s approximations to the identity satisfy the second difference
smoothness condition in (2.3).
Let Quk, Qu r and @y be the transit cubes as in Definition 2.2. To verify
(2.3), by (2.2), we have

[Sk(z,y) = Sk, y)] — [Sk(,

)~ Sila,y)
= /Rd {Mk(x)gk(x,z) - Mk(x’)gk(x’,z)} Wi (z)

x [§k<y,z>Mk< >—§k<y',z)Mk< )] du(z)

= [Mi(z) - Mi(e')] Mi) { [ Bt i) [Bulo )~ 9] duta) |
+ (o) = M@ M)~ 0 [ Bl WE 2 ) }
M) [Mi(9) — Mi(y')] { [ [Bute) = e’ )] Waluty' ) dua)
@) { [ [Bute2) = B ] W) [t 2) - Bty ,zﬂ du(Z)}
— B, + By + Bs + B,

It was proved by Tolsa in [27), pp. 78-79] that for z, 2’ € Qu, k.

(2.4) M) - My(a)| < C "f@w:f")

and

(25) [ [5utw2) = 5w )] Sute. ) duce)
<C ly — /|

U(Qyo k) (UQa k) + UQy) + |2 =y
From the fact that for z € supp (i) satisfying Q. . # R,
(2.6) 0<Wi(z) <6 and 2/3< M(z) <4
(see Lemma 5.1 in [27]), the estimates (2.4) and (2.5), it follows that

[z =2 ly =] 1
U(Quo ) UQyo k) (U(Qu k) +U(Qy k) + [z —y)™

which is a desired estimate.

(2.7) |Bi| < C
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To estimate By, we first verify that

~ . C
2.8 /Sx,zS ' 2)du(z) < .
B8 [ SRS W) = GG i Q) + e — )

By Lemma 4.4(b) and (c) in [27] and noting that Q. C QL (see Lemma 2.2), we
have

C < C
(Vi,k)n T UQu)™
On the other hand, from Lemma 2.3, it is easy to deduce that y € Q, i implies
that Qy x Cééo’k. Moreover, the fact that Q. x Cé;,’k and i € Qi C QL

(2.9) 0 < Si(z,2) = o p(z) < ;

Yo,k
imply that Q;}, A ﬂQzl;o, i 7 0, which together with Lemma 2.3 further indicates that

é;o’k C Q}/,)k. Thus,
(2.10) Qyok U Qyk C Q-
The fact (2.10) and the estimate (2.9) yield
C C
= < .
(Qy/,k)n K(ka)
The estimates (2.9) and (2.11), together with the fact that for all z € supp (u),

(2.11) 0< Sy 2) = o)) < /

(2.12) / Sp(x,2)du(z) < C
R
(see Lemma 4.5 in [27]), tell us that
o . 1 1
(2.13) /]Rd Sk(x, 2)Sk(y', z) du(z) < Cmin {E(Qz,k)M Q" } .

Lemma 4.4(b) and (c) in [27] also imply that

_ C _
(2.14)  Sk(z,2) < T and  Sk(y,2) = p.k(y) <

which, together with (2.12), further yields

(2.15) , Si(x,2)Sk(y, 2) du(2)
R
1 -~
<C ——— Sy, 2) du(z
o—zl2o—yl/2 [€ = 2[" 0 (1)
+C Si(z, 2)

Pp—Y (@Y ) + 1y - z\)"
C 1

v Si(z, —d
= |:E _C'y‘n /lmz<|xy/2 k(x Z) (E(Q%k) + |y - Z|) M(z)

~ e =y
where we used the fact that
(2.16) Qur) +1y— 21 <C(UQy 1)+ Iy —2I)-
This can be deduced from (2.10) and
ly—2 <ly— oI+ — 2| S VAQyo k) + Iy — 2| < VA (UQY 1) + 1y —2I),
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since y, ¥’ € Qy,.5- The estimates (2.13) and (2.15) show (2.8). The estimates
(2.4), (2.6) and (2.8) yield

C\x—x’l ly — /| 1
U Qo) L(Qyok) (U(Qup) + UQyx) + |z — y[)™

which is a desired estimate.
To estimate Bs, noting that for all w € Q4 k,

C

(@2, 0+ o)™

(217)  |Bal<

(2.18) PROIE

(see (33) in [27]), we obtain

/Rd ’§k($,2) - §k($l,Z)‘ Si(y, 2) du(z)

z—2a ~
SO 2ot B2 dute)
® (g( alco,k) + |o — Z|)
|z — | G
< ¢ ~ n_;,_lSk(y ,z)d,u(z)
|z—y|2|—y|/2 (g(lecmk) tlo— Z|)
|z — 2| S
+C - nr1l Sk(y ,Z) d,u(z)
vkl (U@L, 1) + | — 2])
=1+ I5.
For Iy, from (2.14) and (2.16), it follows that
/
- 1
(219) L <C kA - = dp(z)
e/ (0@, )+ e —2l) " (U@ + Iy~ )
o
<C |z — /| 1 du(z)

|z—y|>|z—y|/2 (K(Q}Eo’k) n ‘.’13 _ Z‘)nJrl (E(Q%k) + |y - z|)" M

1 -
T (@, 0+ e =) "

Qfo,k

<c | — 2| 1 .
o é(on,k) (E(Q%k) + ]z — yl)n

On the other hand, z € @, and Lemma 2.3 lead to Qg1 C Q;O,k- This fact,
Qzo.k C Q;Ok and (2.12) imply that

|:L‘ — xl| 1 S (o
(2.20) I < Cf(mek) O n) /Rd Sk(y', z) du(2)

|z — /| 1

= CUQu) U@
The estimates (2.19) and (2.20) yield
| — 2| 1

2.21 L<C .
220 'S U Q) (0@ + €Qu) 12— 1)
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For I, noting that it was proved by Tolsa in [27), p. 79] that

(2.22) U(Qa k) +UQyi) < C (UQup) + o —yl)
by (2.12), we then have
|z — | 3

5 nt1 Sk:(y/vz) d/J/(Z)
le—yl<lz—y|/2 (g(legO)k) + o — Z\)

|z — /| 1

(2.23) L<C

<C 7
UQuor) (@1, )+ 12— 1)

|z — 2’| 1

U(Qao k) (U(Qu k) + UQyk) + 1z —y))"

Combining (2.21), (2.23), (2.4) and (2.6) yields

[z =] |y =] 1

U(Quo k) U(Qyo.k) (UQa k) + UQyk) + 2 — Y™

Finally, by (2.18) and (2.6), we have

<C

(224)  |Bs|<C

z—x y—vy
mise [ el W
=@ )+ le =) (@, 0+ ly - )
|z — | ly =¥l
=C . n+1 . n+1 du(z)
sl (0@, )+ o= 21) " (6@, + Iy - 21)
[z — 2’| ly =]
+C/ - T — dp(2)
stz (0@, )+ e —2l) (@, 0 + v~ 2])
= B; + B;.
An easy computation implies that
ly—v| |z — 2|
Bj <0 s s ot dlz)
(€@}, 0 + 1=~ ) (@}, 0+ 2= 21)
ot o
<cole=lly-y] 1

T UQu ) €Qu) (5}, )+ o —yl)

Since y € Qyy .k, then Qy r N Qyy & # O which, by Lemma 2.3, implies that

Qy,k C Q;O,k C Q;O,k'
Thus,
(2.25) UQyr) < UQy, 1).
Therefore,

UQyk) +lz—yl < C(UQ), 1)+ 1z —yl).

If | —y| < UQqzx)/2, theny € Qur and Q5 xNQy 1 # 0, and hence, Q1N C};Dk #
(). By Lemma 2.3 again, we obtain Q , C le;ok That is, £(Qu k) < ¢( V%/O,k)' From
this, it follows that

UQa ) + UQy) + o —y| < C (UQy, ) + |z — ).
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By (2.25), we can easily see that this is also true if |z — y| > £(Qz,x)/2. Thus, we
always have

Bl |z —2'| |y —v| 1
1= Q) Uy ) W) T U Q) 1z g™

which is a desired estimate. We now estimate B7. Again an easy computation,
(2.25) and (2.22) indicate that

(2.26)

r—a —
(2.27) Bi<C - | | e} /d - v =Y o1 du(2)
(6@, 0+l =) 7= (4@, + 1y )
|z — 2’| ly -y
=@ a0
(6( o) 1T — y|) Yo,k
[z —2'| |y —y] 1
<c . .
1@ W) (4(QL, ) + | — o)
olz—2 ly -y 1

T UQuok) UQuyok) (U(Qu k) + UQy ) + |z —y))™
Combining the estimates (2.26) and (2.27), we obtain
z — 2| ly—y| 1
U Quo k) U(Qyo.k) (UQa k) + UQyk) + 2 —y)™

Now (2.3) follows from the estimates (2.7), (2.17), (2.24) and (2.28), and hence,
we have completed the proof of Lemma [2.4] O

(2.28) 1By < C

Remark 2.2. Taking the (formal) Definition 2.8 of the kernels Si(z,y), it is easily
seen that the properties of the kernels Si(z,y) in (a), (b), (c), (d), (e) and (f) of
Lemma [2:4] also hold without assuming that Q, i, Q. k and @,  are transit cubes;
see also [27]. In what follows, without loss of generality, we will always assume that
Qu ks Q1 and Q1 are transit cubes.

Definition 2.9. A sequence of operators { S }rez is said to be an approximation
to the identity associated to non-doubling measure p if {Si(z,y)}7> _ ., the kernels
of {Sk}2 _ ., satisfy conditions (a), (b), (c), (d), (e) and (f) of Lemma 2.4

Now, let {Sk}rez be an approximation to the identity as in Definition and
set Dy = S, — Sk—1 for k € Z. Following [3] and [27], based on Coifman’s idea, we
can write

(2.29) I =Ty + Ry,
where T = Z\k—j\gN DpD; and Ry = Z|k7j|>N Dy Dj; see also (1.3).
If we set DY = 37, 1< Dyt for k € Z, then we can also write
Ty =Y DY Dy.
kEL

As mentioned in the Introduction, the following result is a crucial observation of
this paper.
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Theorem 2.1. Let {Sk}rez, {Aktrez and {Px}rez be approzimations to the iden-
tity as in Definition2.9. Set Dy, = Sy —Sk_1, Gx = A —Ag_1 and By, = P, —Py_1
fork € Z. Then, if 1 <p, q < oo and |s| < 8, where 0 is the same as in Definition
25, for all f € L*(p),

o0 1/q
(2.30) D PNE RN N
Jj=—00
o l/q
<0 (2—N(s+2u0)+2—N(2u9—s)){ Z kaquka%P(u)}
k=—oc0

with Cy independent of N and f, and v € (0,1/2) with |s| < 2v0. Moreover, if we
choose N € N such that

(2.31) c (2—N<s+2u9) i 2—N<2Va_s)> <1

then for all f € L*(u),
1/q

[ee) o0 1/(1
(2.32) Z 2]8q||EjT]§1f||qu(M) <C{ Z kaqHka”%p(m} ’

j=—00 k=—o00

where C is independent of f, and Ty and Ry are the same as in (2.29).
To show Theorem 2.1, we need the following lemma.

Lemma 2.5. Let 6 be the same as in Definition 28 and let { Sk }rez and {Px}rez
be two approzimations to the identity as in DefinitionZ9. Set Dy, = Sy — Sk_1 and
E, =P, — Py_q for k € Z. Then,

(1) supp (EjDk)(xa) - Qz,min(j,k)—S and supp (E]Dk)(ay) - Qy,min(j,k)—S
forall j, k € Z and all z, y € supp (u);
(ii) for all x, y € supp (u) and all j, k € Z,

1
(U(Qa,min(iky+1) + U@y min(ik)+1) + & =y’
(iii) for p € [1,00] and j, k € Z,
1B Dl 1o () 10y < C227 274,

where Cy > 0 is a constant depends on p, but not on j and k.

(E; D) (z,y)| < C27 210k

Proof. The proof of this lemma is essentially contained in the proof of Lemma 6.1
n [27]. For the reader’s convenience, we give some details.

We first remark that one can deduce (iii) from (ii) and (i); see [27]. Thus, it
suffices to verify (i) and (ii). Without loss of generality, we may assume that all
the cubes @y k, ¢ € supp (1) and k € Z, are transit cubes; see [27, pp. 80-81]. We
now prove (i) and (ii) by considering several cases.

Case 1. j > k + 2. In this case, completely similar to the proof of (34) in [27],
we have
1

(UQu k) + UQyk) + |2 —yD™
Lemma [Z4] and Lemma 2.3 also tell us that supp (E;Dg)(z,-) C Qp k-3 and

supp (E;Dy) (-, y) C Qy x—3-

(E;Dy)(z,y)| < 027217kl
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Case 2. k —1 < j < k. In this case, it suffices to prove that

C
(U(Qz ) + UQy 1) + ]z —yD™
To verify (2.33), it suffices to verify that

(2.33) (B D) (2, y)| <

C
(2.34) |(E; D) (z,y)| < Qa )
C
(2.35) |(E; D) (z,y)| < W0y
and
(2.36) |(E;Dr) (z,y)| < Ty

The size condition of E; (Lemma [2Z(d)) and the integral condition of Dy
(Lemma 2Z4(b)) immediately yield that

[, Ble. D) duto)

1
<C ri (U(Qu,j) +U(Qy,;) + ]z —2)" |Dy(2,y)| du(2)

<Y
N E(Qm,j)n’

(B D) (,y)| =

which is (2.34).
Since k < j+ 1, by Lemma 2.2, Qy j41 C @y and, thus, £(Qyr) > UQy j+1)-
This fact together with Lemma [Z4] tell us that

(B0 @) = | [ By )Due0) duty)

1
(U(Qzk) +UQyk) + 1z —yD)"

<C [ |Ej(z,2)] dp(2)
R

C
< =
UQy,j+1)"
which is (2.35).
On the other hand, by Lemma [2.4] we can also obtain
|(£;Dy) (z, )]

_ ‘/R E;(x, 2) Di(z,y) du(y)‘

1
D d
<C S (e(Qw»)+€(Qy,j)+|x—1z|)”| k(2 )] du(z)
C E; d
! Jo- etz O G T 6@ + 1 — ) )
<p [/ Dueldu) + [ 1B, 2] duC2)
_C¢

which is (2.36). Thus, (2.33) is true.
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It is also easy to see that supp (E;Dy)(z,-) C Qg j—s3 and supp (E;Dy)(-,y) C
Qy,j—3 by Lemma 2.3 and Lemma 2.4
Case 3. j =k + 1. In this case, by Lemma 2.3 and Lemma 2.4] we have

supp (EjDk)(xv ) - Qz,k—S

and supp (E;Dg)(-,y) C Qyr—3. An argument similar to that of (2.35) tells us

that
C

(U(Qu k1) +UQy) + | — )™
Case 4. 7 < k — 2. In this case, by Lemma 2.3 and Lemma 24 we have
supp (EjDk)(xa ) C Qm,j—B

and supp (E;Dy)(-,y) C @y j—3. By an argument similar to that of (34) in [27], we
can show that

|(E; D) (2, y)] <

1
(E(Qw,g) + E(Qy,g) + |$ — y‘)n'

|(E;Dg)(z,y)] < C2—21i—k6

This finishes the proof of Lemma

Before we return to the proof of Theorem 2.1, by a result of Tolsa in [27], if N
is big enough, then for all f € L?(u1), we have that

(2.37) =Y _Ty'DYDi(f) => DYDWTR'(f)

kEZ kEZ

holds in the norm of L?(y). In fact, Ty is bounded on LP () with 1 < p < co. The
formula (2.37) is called the Calderén-type reproducing formula; see [27] for more
details.

We now write TJQI as

oo

(2.38) Ty'=> (Ry)'

1=0
in the operator norm of L?(p), and for [ € N,

(2.39) (RN)Z = Z Dy, Dy, Z Dy, Dy, - - Z Dy, Dy,

|[k1—3j1|>N |[k2—j2|>N |ki—ji|>N

also in the operator norm of L?(y).
We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. We only need to show (2.30). The inequality (2.32) can be
deduced from (2.30) by using (2.38) and (2.39).

To verify (2.30), the formulae (2.37), (2.38) and (2.39) with Dy, replaced by Gy,
tell us that for all j € Z,

oo oo oo o0

(2.40) E;Ryf(x)= > i >y X

1=0 k=—00 i=—00 |m|>N k1=—00 |m1|>N;  ki=—o0

x E;DiD;nGr,Gryimy - G, Gy, G Gro f ().

|| >Ny
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By a technique used in the proof of the Cotlar-Stein lemma (see [22]) and Lemma
2.5, we obtain that for p € [1,00], there is a constant Cy > 0 such that for all
feL?(u),

(2'41) HEjDiDi+mGk1Gk1+m1 T sz szerLGkNl ka‘

Lr(p)
< HEjDiHLP(#)—%P(#)HDHmle Lo (uy— Lo () + -

x HszerLch\h ) ”kaHLP(/J)HLP(H)

) .LP(H)_’LPSH
< CNICéQ—QG[U—zHIz-i-m—kl +et ki +my —k|] ”kaHLP(,u)
and
(242) HEjDiDi-l-mle Gk1+m1 .. .lele-Hnl Givl ka‘ L ()
< ClEjll e (uy— 12 ()| Di Diem | Lo (uiy— Lo () *
Ny
XNGr Grime o —ow) [|Go™ || o 1G8F 2700

< CNIOéz—ZOHm\+|Tn1H—--“HmlH ||ka|\m(“)_

Here we also used the fact that || Ej||zr () —rr(u) < C uniformly on j and

<CN;
LP(p)—LP(p)

uniformly on k with C independent of Nj. The geometric means of (2.41) and
(2.42) yields that

(2.43) HEjDiDi-&-mle Grytmy = Gl Grem, GkNl kaHLP(;L)

Ny
|

< ON;CL2 200 =0)lli—iltlitm—kal -+ [kitm—k]]
o 2_29u[|m|+\m1\+"'+|m”]||ka||L”(M)'

From (2.40) and (2.43), it follows that

- 1/q
Z 2quHEjRNf||%p(H)
j=—00
SOV VDD DD DD DD DI DD S
j=—00 =0 k=—o00 i=—00 |m|>N k1=—00 |m1|>N; kij=—o00
qy 1/q
x> EiDiDitmGr, Gryem, -+ Gry Gt G Gl Lo ()
|my|>N1
SCiCé i i 9(i=1)s=20(1-v)|j—i Z i Z i
=0 j=—o0 |i=—oc0 [m|>N ki=—o00 |m1|>N; kij=—o0

> Z Z 21’52729(171/)[|i+mfk1|+-~+\k1,+m1,7k\]

|mi|>Ny k=—00
qy 1/q

o 2_29V[|m|+\m1|+“'+|m”]HkaHLP(u)
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Using the fact that |s| < 2(1 — )68 and the Holder inequality on the summation of
i, and then exchanging the order of the summation on ¢ with the summation on j,
we then know that the last quantity in the above inequality can be controlled by

Scicé i iQ(J‘*i)S*%(l*’J)U*ﬂ 3 i o i
=0 j=—o0 i=—00 [m|>N k1=—o00 |m1|>N; kj=—o00

o0
~ Z Z 2i32—29(1—y)[\i+m—k1\+~'-+|k'z+mz—k|]

|my|>Ny1 k=—o0

aq1/aq
x 27 20vlImlmal -+l Gy £ o )
- g\ 9y /1
% Z 9(j—1)s—20(1-v)|j—il
.~ (= [ =
SCZC% Z Z 9(j—1)s—20(1—v)|j—i Z Z Z Z
=0 i=—00 \j=—00 [m|>N ki1=—00 |m1|>Ny ki=—

x Z i Z 9is9—20(1—v)[|i+m—ku|++|ki+mi—k]

[my—1|>N1 k=—00 |m;|>Ny

qy 1/q
x 2-20vlimb s+ | G o
o3 3| 3 g 3y Y
=0 i=—o0 | ki=—o0 |m|>N ke=—00 |m1|>N1

~ i Z i Z 2(k1—m)52—20(1—u)[\k1+m1—k2\+~--+|kl+ml—k|]

ki=—00 |m;_1|>N; k=—00 |m;|>Ny
ay 1/4a

v 27201/[|m|+\m1\+~-+|m1\]Hka”Lp(#)

For the summation on k; and the summation on 4, repeating the same procedure
as that on the summation on 7 and the summation on j, that is, using the fact
that |s| < 2(1 — v)0 and the Holder inequality on the summation of k1 and then
exchanging the order of the summation on k; with the summation on i, we find
that the last term in the above inequality is dominated by

o

Scicé Z Z 2—ms—29u|m| i Z
=0

ki=—oc0 | |m|>N ko=—00 |m1|>N;

X i Z i Z 2k182729(171/)“k1+m17k2|+"'+\’fz+msz\]

ki=—00 |m;_1|>N;j k=—00 |m;|>N1
qy 1/q

x 9= 20v[|my |+ +[m]] HGk.fHL”(H)
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The fact |s| < 20v and the summation on m tell us that the above quantity can be
controlled by

< 52 (27N(s+29u) + 271\7(291/73)) i C’é i i Z
=0 ki=—00 | ka=—00 |m1|>N;

. i > i S ohiegm200-wllkatma—kalte kK]

ki=—00 |m;_1|>N;j k=—00 |m;|>N1
qy 1/q

y 2_29u[\m1|+"'+‘ml”HkaHL"(M) ’

where 52 is a positive constant independent of N. Repeating this procedure [ times,
we finally obtain that the above term is dominated by
(2.44)

< 52 (2—N(s+29u) + 2—N(29V—s))

[e%e] [e's) 1/q
X {Z (5202)l (2—N1(3+29u) + 2—N1(29V—3))l} { Z 2k8q|ka||%p(N)} '

=0 k=—o0

If we now choose N3 € N large enough so that
52 (27N1(s+291/) + 27N1(29u75)> <1

and then let

C = 52 {i <52C'2)l (2_Nl(s+29'/) + 2_N1(29V_s))l} ;

=0

we obtain (2.30).
This finishes the proof of Theorem 2.1.

We now use the approximation to the identity in Definition to introduce the
space of test functions.

Definition 2.10. Let {Sk}recz be an approximation to the identity as in Definition
29 Dy = Sk —Sk_1 for k € Z and let 6 be the same as in Definition[Z3l For |s| < 6,
1<p, g<ooand f € L?(u), we define

o'e) 1/‘1
170 0 ={ 3 2’“‘1|Dkf||zp<m}

k=—o0
and

Bs, () ={f € L) |f|

By, () < %}

Applying Theorem 2.1, we can show that the space of test functions, B;q (1), in
Definition 2,101 is independent of the chosen approximations to the identity.

Proposition 2.1. Let 8 be the same as in Definition230l Let {Sk}rez and {Px}rez
be two approzimations to the identity as in DefinitionZ9. Set Dy = Sk — Sk_1 and
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Ey =Py — Py fork € Z. Then for|s| <0 and 1 < p, q < oo, and all f € L*(p),

N 1/q - 1/q
{ > 2k8q|Dkf||‘ip<u>} N{ 2 2ksq”Ekf|q”(”)} |

k=—o00 k=—o00

Proof. For given |s| < 6, we choose v € (0,1/2) such that |s| < 2v6. By (2.37), for
any j € Z, we can write

Eijf(z)= Y E;Dy DTy (f)(w),

k=—oc0

where N € N is large enough such that (2.31) holds.
Then the Minkowski inequality, Lemma 2.5 and Theorem 2.1 yield

1/q
0 .
Z 2]Sq||Eij%p(u)
j=—o00
%) & ! .
<] s o l 3 ||EjD,§VDkT]§1(f)!|LP(M>]
j=—o0 h=—o00

- 1/q
o0 o0

q
el Y 2(j—k)s—29lj—k2ks||DkTN1(f)HLp(H)]

j=—00 Lk=—o00

o] [ o) 1/q
) C{ > ( > 2“-“8-2“-“2'“0uDkTN%fwiWQ
J

=—o0 | k=—oc0
- /g7y 11
« <Z 2(j—k)s—29|j—k|>
k=—o00
1/q
(o] [ee]
SC{ DN D SIECEe el PR TR etV o
k=—oc0 \j=—00
o 1/q
:O{ Z kaqHDkTNl(f)HqL,,(ﬂ)}

oo 1/q
<C{ > 2k ||Dkf|%p(m} .

k=—o00
By symmetry, we have then finished the proof of Proposition 2.1
The following theorem is one of the main results of this paper.

Theorem 2.2. Let 6 be the same as in Definition[Z3], and let { Dy }rez be the same
as in Theorem 2.1. If1 <p < oo and 1 < q < oo, then for all f € B, (1),

(2.45) f=>Y DYDVT'(f) =) Ty'DYDy(f)

keZ keZ
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holds in both the norm || - | z. () and the norm || - |

€ By, (1) with 1 < p, q < oo,

(2.46) (f.9) =Y (DpDYTN'(f).9) = > {(Tx'DeDY(f),9)

keZ kEZ

B (u)" Moreover, for all

. /
holds for all f € (B;q(u)) with 1 < p, g < 0.

Proof. We only show the first equality in (2.45). The proof for the second equality
n (2.45) is similar. The proof that (2.45) holds in the norm || - [|z. () is easy
poo

by noting that B;q(u) C B;OO(,LL) for 1 < ¢ < oo, which is a simple result of the
monotonicity of [7; see the proof of Proposition 2.3.2/2 in [31] p. 47].
Let f € By, (1), 1 <p <ooand 1 < g < oo. Then, it suffices to show that

(2.47) Jim > DYDLTR(f) =0.
Ikl>L Bs_ (1)

Lemma 2.5, the Minkowski inequality, the Holder inequality and Theorem 2.1 lead
to

1> DY DT (f)

Bg, (1)
|k|>L
- 1/q
=S oo, | S DY DT () | 14,
j=—o0 |k|>L
- qy 1/q

<C Z Z 2 =R =2i=kl0gks | DL T (F)|| o (o)

j=—oo | |k|>L

1/q
<ol v N o Rsm2limhlogksa) DTS ()14,
j=—oo |k|>L
1/¢' 71 1a
o 2(J k)s—2|j—k|6
\k\>L
1/q
<c 2(=k)s=2li=kl0 | oksa DTt F)|9,
\k\>L J—*OO
1/q
<CQ 20 2D (D

|k|>L

— 0

as L — oo, since Ty'(f) € B;q(u). Thus, (2.47) holds and therefore, the first
equality in (2.45) holds.
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_ From (2.45) we can deduce the second equality in (2.46). In fact, for all g €
By, (1) with 1 < p, g < oo, then

(f.9) = <f,ZDiVDkT]§1(g)> => {f, DY DTy (9))

kEZ kEZ

. /
where f € (B;q(u)) with 1 < p, ¢ < 0.
To finish the proof, we only need to verify that for any k € Z,

(2.48) (f. DY DTy (g9)) = (DkDY TR (). g) -

To this end, for any M > 0, let Qo s be the cube centered at the origin with the
side length 2M. Define

grm(x) = /Q DY (z,y) (DKTR") (9)(y) du(y).

We claim that

(2.49) Jim [ D DT (9) = gia | 0.

By, (w)
In fact, Theorem 2.1 tells us that Th'g € B;q (1) and Lemma 2.5 yields

| D& DiTy " (9) = gk.aa]

B3 (1)
. q 1/q
=q Y 2k |p, [ / DY (-,y) (DrTN") (9)(v) du(y)]
= oo RANQo, LP (1)
- a/p) 14
<3 2 2 PO e o [ / (DT (9) ) du(y)}
= oo RA\Qo, m

o 1/q 1/p
< CN{ > 2[“’“)82’“”’”} oks VMQ |(DiTx") (9) )| du(y)]

l=—0c0

1/p
< CN2ks [/Rd\Q |(DrTR") (9) ()| du(y)l

— 0,
as M — oo. Thus, (2.49) holds. Therefore,
(2.50) (£, D' DTy (9)) = Jim (f, 1)

Let S = Qo N supp (). For any z € S, there is a cube @, 4N centered at z.
Thus, {Q: k+N }-es is a covering of S. By the compactness of S, we can find a finite
number of cubes, {Q, k+n}/—1 C {Q: k4N }2es, such that [J;_; Q.. xyn D S. We
now decompose S into the union of a finite number of cubes with disjoint interior,
{Q]‘};\g17 such that each @, for j € {1,---, Ny} is contained in some @, p4+n for

some i € {1,--- ,v}. We then divide each @); into a union of cubes, {Q;}ivzjl, such
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that £(Q%) ~ 277 where N; ~ 274(Q;) for j =1,---, No. Now we write

Gk, M (T Z Dk z,y) (DiTy") (9)(y) du(y)

Y / (D (@) ~ DY (2.0)] (DRTR") (9)(w) i)

j=11i=1

+Zi:Dk nyl/ (DiTx") (9)(y) duly)

Jj=11i=1
= gk,M(x) + gk,M(x)»
where Yq: is any point in the cube Q; We now claim that for any fixed k and M,

(2.51) Jim g5 =0.

B, (1)
To prove this claim, the second difference smoothness condition will be used. Let
Frig(29) = [ DY (2:9) = DY (2,50:) ] X1 (9).

Lemmas 2.4 and 2.5 tell us that

(2.52) supp Fri i (-, y) C Qyr—n—3, supp Fr;(z,-) C Q. r-N—_3;
(2.53) [ Frastedut) = o
R
1

2.54)  |Frii(z9)] < C32770(Q., xin) " -
(250 W)l < G2 Qo) GG T 0@y arn) + 1 — )
if Q% C Qz,, k4w for some ig € {1,---,v}; and
(2.85)  |Frj(2,9) — Fra (2,9l

|z — 2| 1

< C3277(Qzy k)T

U Quo k) (UQzpenN) +UQyign) + |2 —y))"

if z, 2/ € Qo k+n for some zy € supp(p) and Qé— C Q. k+n for some ig €
{1,---,v}. Here C3 depends on N. From (2.52), (2.53), (2.54), (2.55), Lemma 2.7
and its proof, it follows that for all I, k € Z and z, y € supp (u),

(2.56) supp (DiFi,5) (+y) C Qymin(tk—N—1)-3

(257) supp (Dle,i,j) (x’ ) C Qa:,min(l,k—N—l)—3a
and for all z € supp (p) and y € Q% C Q., 1 for some ig € {1,--- v},
(2.58)
(DiFy i) (z,y)] < Co27 72721 H00(Q. i)™
1

X n
(U Qumintk+N)+1) + UQy min(k+N)+1) + [T —yl)

Let

1
CFM{@M: b }
zi,k+
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Then C4 depends on N, k, but not on J and [. Set

No N;
K(z,y) => > (DiFrij) (2,y).

j=1i=1

Then, by (2.57) and (2.58), we have

(2.50) / K (2,y)| du(y) < CC,2~72- 21410
Rd

No Nj 1
X du(y)
ZZ/Q}ﬁQz,min(z,k—N—n—s (E(

n
P Qumin(Lk+N)+1) + |7 — yl)

— OO42—J2—2\I—I€\9

No
X Z; / . dp(y)

n
iNQu min(l,k—N—-1)—3 (E(Qw,min(l,kJrN)Jrl) + |1‘ - y|)

< C’C'4N02_J2_2“_k‘9 / du(y)
B Qz, min(l,k+N)+1 K(vamin(lak“‘N)'i'l)n

+ 0(Qamin(l,k—N-1)—3> Qz,min(l,kJrN)Jrl)}

< g2 T2 2lkl6,

and, similarly, by (2.56) and (2.58),
(2.60) / K (2,y)| du(z) < Cs272-21-K0,
]Rd

where Cj is independent of J and [, but, it may depend on M, N and k. Therefore,
from Schur’s Lemma together with (2.59) and (2.60), it follows that

DGk an) oy < C5277 272K (DL T ) (9) | 1o )

and, from this, it further follows that

o0 1/q
(261) ||g]1;’M||B;q(M) S 052—J{ Z 213q2—2l—k9q} ’|(DkT1\71) (g)HLp(#)

l=—00
< CCs2772 || (DhTy 1) (g)HLP(u)
— 0,
as J — oo. Obviously, (2.61) implies (2.51). By (2.50) and (2.51), we have
(2.62)
(f,DY DiTN"(9)) = lim (f,gk,nm)

M—o0

lim lim <f, gi,M>

M—o00 J—00

J

Ng N.
oJim }L&;;Dﬁ(ﬁ(y%)/@ (DrTx") (9)(v) duly).
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‘We now write

ZDk ) (e /Q. (DiTx") (9)(v) duly)

J

—Z y) (DkTx") (9)(y) duly)
Nj
+ [ DY (D) — DY (N )] xqi (W) ¢ (DTN (9)() du(y).
Rd | #

Using the second difference property of the approximation to the identity in Lemma
24(f), by a proof similar to that for (2.61), we can show that

N;
> PN wer ) = DN ) xes (O G2,
= B, ()
where Cg is independent of J. From this, it follows that
N;
> [P (Dwey) = DY (D) xas )| < Ca2~1£ 55,

i=1

for all y € supp (u). Noting that (DyTx"') (9) € L9(u) by Theorem 2.1 and the
construction of {Q;} for j € {1,---,No} and ¢ € {1,---,N,}, by the Lebesgue
dominated convergence theorem, we have

N
Jim [ 030 |PX (D) wey) ~ DX ()W) xas ) p (DTR") (9)(w) dity) = 0.

Thus, by this fact together with (2.62), we further have

(£, DN DTy (9)) = lim lim ZZ y) (DkTxN") (9)(y) duly)

M—o0 J—o0
j=11i=1

/ DY ()(y) (DT ) (9)(v) du(y)

leDk (f),9)-
That is, (2.48) holds, and we have completed the proof of Theorem

3. BESOV SPACES

It is easy to see that Dy (z,-) € L?(u) with compact support for all z € supp (u)
and all k € Z. Let [s| < 6. We will show that Dy (z,-) € By, (1) for all z € supp ()
and 1 <p, ¢ < oo.

Lemma 3.1. Let 0 be the same as in Definition 25 |s| < 6 and 1 < p, ¢ < oo.
Let {Dy}52 . be the same as in Theorem Il Then Dy(x,-) and Dy(-,x) are in

By, (1) for all z € supp (u) and all k € Z.
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Proof. Noting that Dg(z,-) = Dg(-,x), we only need to verify the lemma for
Dy (z,-). For any k € Z, any « € supp (¢) and p = 1, by Lemma [Z3] we first
have

(3.1)

) 1
1D, Di () |1 smﬂﬂﬁ/ du(y)
! ) Oumniriys X QuminGiay+1) + 1y — )"

, 1
sm%MG/ d(y)
Qu min(j,k)+1 (K(Qﬁf»min(j,k)-&-l) + |y - x|)n

o
Qe min(j,k) -3 \Qz,min(j,k)+1

< CZ?QU?IC‘ea(Qw,min(j,k)Jrl7 Qw,min(j7k)+1)
< C2—2\j—k\9;

if p = o0, it is obvious that we have

- 1
3.2 DDy (-, )| 1oy < C27 21K :
(32) 103D, ) 0y < e
and if 1 < p < oo, then
1 1-1
(3.3) 1D Dk (e ) | oy < 11D Di s ) [ 11D Dk (-, ) 5
; 1
< g 2li—klo .
- U(Qz 1)1 /PI
Combining the estimates (3.1), (3.2) and (3.3) yields that
- 1/q
1D g 0 = 4 D2 ZoDI D),
j=—o0
- 1/q
1 . .
Jsq—20|j—klq
< Cg(Qw k+1)(1—1/p)n Z 2
; JR——
1
< C2k8 ,
= UQupir)—1/P)n
where C is independent of k and x. This proves the lemma. O

Remark 3.1. More generally, we can verify that if f € C*(R?) with compact support
and

f(@) dp(z) =0,
]Rd

then f € B;q(u) for |s| < 6 with 6 the same as in Definition 2.5 and 1 < p, ¢ < cc.
We leave the details to the reader.

We can now introduce the Besov spaces B, ().

Definition 3.1. Let 6 be the same as in Definition and let |s| < 0. Let p/
and ¢’ be the conjugate index of p and ¢, respectively, and let {D}?2 ___ be as in

— 00
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Theorem 211 For 1 < p, q < oo, we define

B = {1 € (B2, ) 1

Bi,(w) < Oo}v

where

o0

1/a
”fHB;q(M) = { Z 2k5q|Dkf|%p(#)} .

k=—oc0

. ’
Based on Lemma 3.1 and Theorem 2.2, for all f € <B;7Sq, (u)) with 1 < p, ¢ <
o0, we have

Ejf(x)= Y E;DyDiTy'(f)(x),

k=—o00

where {Py}rez is an approximation to the identity as in Definition 29, Ey =
P, — Py for k € Z, and N € N is large enough such that (2.45) holds. The
above equality and the same proof of Proposition 2.1 show that spaces B;q(u) are
independent of the choice of approximations to the identity as in Definition 2.9.
We leave these details to the reader.

It is well known that the space of Schwartz functions is dense in Besov spaces
on R, The following result shows that our space of test functions, B;q(,u), is also

dense in the Besov space B;q(u).

Proposition 3.1. Let 8 be the same as in Definition2.0] |s| < 0 and 1 < p, ¢ < 0.
Then

(3.4) By (1) = Bpy (1),

where By, (1) is the closure of By, (1) with respect to the norm || - ”B;q(u)'

Proof. We first show B;q(u) C B;q(u). To do this, we claim that if 1 < p, ¢ < oo
. . !/
and f € By, (1), then f € (B;,fq/(u)) and

(35) 152y < O]

By (n)

Moreover, let {fi}ren be a Cauchy sequence of B;q(u) according to the norm

!/
Il - ”B;q(u)' Then there is an f € (B;,‘fq, (u)) such that Hf”B;q(u) <ooand fp — f
in B;q(,u) as k — oo.

To show the above claim, let f € B;q(u) and g € B;fq, (). Let {Dy}rez be the
same as in Theorem 2.1 and recall Dy = Sy — Sx_1 for k € Z. It is easy to see
that D,]CV for k € Z has the same properties as those of Dy, for k € Z, deduced from
Lemma 2.4, with a constant depending on N, namely CN, if C is the constant
appearing in the properties satisfied by Dy, for k € Z; see Lemma 2.4.
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Noting (D,]CV)* = DY, by (2.37), the Hélder inequality, Theorem 2.1 and Propo-
sition [2.J] we obtain

(@) =19 (in the sense of (L*(n))’ = L2())

/Rd > DYDY (f)gdp

k=—o00

3 /R DTN (DY (g)
k=—o00

< 2 DTN Dl oy 1P @)
k=—oc0
0 1/q oo , 1/‘1/
<{ Z kaqHD’“TNl(f)Hqu(u)} { Z 9—ksq HDIJCV(Q)H(ILP/(H)}
k=—o00 k=—o00

< Cn HT&l(ﬁHng(u) HgHB‘;,fq,(u)
< CN||fHB;q(H)||9||B;,fq,(u)’
. I
where Cy > 0 depends on N. Thus, f € (Bp_',sq’ (,u)) and
110y < €IS

Bs, (1)
That is, (3.5) holds. _
Now let { fi }ken be a Cauchy sequence of B, (1) according to the norm [|-[| 5. (-

Then, by (3.5), it is also a Cauchy sequence according to the norm || - H(B‘S (u))/'
»’,q’

. / . /
Since (B (u)) is a Banach space (see [33]), then thereisan f € (B;,‘fq, (u)) such

p'.q’
. /

that f;, — f in (B;,fq, (,u)) as k — oo. We still need to verify that || f|| 5. (u) < 00

From Lemma 3.1 and

[ Di(fr = F)(@)| < || Di(z, )]
it follows that for all © € supp (p) and all k € Z,
(3.6) Jim Dy, fo(2) = Dy f().

Thus, the fact that [ fu| 3. (,) < C with C independent of n, Definition 3.1, the
Fatou lemma and (3.6) tell us that

1]
which shows f € B;’,q(u) and fr — fin Bf,q(p) as k — oo.

ng(y) ||fn - f‘|(8;7q/(ﬂ))l )

B3, = O

We now prove the other direction: B;q(,u) C B;q(u). This fact comes from

Theorem 2.2 and its proof. More precisely, if f € B;q(u), then by Theorem 2.2 and
its proof, we can write (2.46) as

(3.7) f=>_DeDYTS(f),
k€EZ

where the series converges in the norm of By (u).
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As in the proof of Theorem 2.2, if we define gi ar(z) by
gente) = [ Dutay) (DNTR') (£)) dn),
o,M

then g a(x) belongs to B;q(,u) by Remark 3.1, and using (3.7), we can further
verify f can be approximated by a finite sum of gy a(x). We leave the details

to the reader. This shows By (u) C Bj, (1), and we have completed the proof of
Proposition 3.1

We remark that as a consequence, Proposition 3.1 indicates that Bf;q(p) is a
Banach space for 1 < p, ¢ < oo.

We now establish the boundedness of the Riesz operators defined via the ap-
proximation to the identity in the spaces ng(u), and then we show that the spaces

B;;q(u) have the lifting property by using these Riesz potential operators.

Definition 3.2. Let { Dy} ez be the same as in Theorem 2.1. For a € R, f € L?(p)
and all « € supp (i), we define the Riesz potential operator I, by

Inf(z)= Y 27Dy f(x).

k=—oc0
Theorem 3.1. Let 6 be the same as in Definition2, let |s| < 0 and let |s+a| < 6.
Then 1, is bounded from By, (1) to Byt®(u) for 1 <p, q < oo, namely, there is a
constant C' > 0 such that for all f € ng(,u) with s, p and q as above,

HIafHBg;a(#) < OHfHB;q(u)'

Proof. Let {Dg}rez be the same as in Theorem 2.1. From Theorem 2.2 and the
Minkowski inequality, it follows that

(3.8)
1/q
0 .
ol gsrogn =9 O 2D I,
j=—00
- - q) /4
§ Z 2j(8+0¢)q [ Z HDjIOLD]]cVDkTﬁlf”LP(M)
Jj=—00 k=—o00
1/q
<

0o [e’s} e} a
3 zj(s+a>q[ S % z—w||DjDiDéVDkTN1f||Lp<m] :

Jj=—00 k=—o00 i=—00
where we assume that N satisfies (2.31).

Since |s| < 6 and |s+ | < 6, we can choose v € (0,1/2) such that |s+«a| < 206,
|s| < 2v8 and |s| < 2(1 —v)@. Similar to (2.41) and (2.42), by Lemma [Z5] we have

(3.9) |D; D:DY DT fllio(y < C27 20~ Dyt £l o)
and
(3.10) |1D; D; DY DT fllo ey < C27 2R DT Fll o ()

The geometric means of (3.9) and (3.10) tells us that
(3.11) | D;D; DY Dyt fll ooy < €27 2013 =il2=200=li=k D oL £l 10,0
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Inserting (3.11) into (3.8), the Holder inequality and Theorem 2.1 yield that

|7 f| saren <C Z [ Z 9(3—1)(s+a)—20v|j—il

j=—o0 Li=—o0
- q) Ve
- 2152—29(1—'/)1—’“|DkT]§1f|L1’(u)]
k=—o00
C{ > S olimieta)=20vli—il
_ a\ 1/q
[Z 2152 20(1—v)|i— k‘HDkT f|LP(H)] >
o0 1/q' e
(Z 9(i—)(s-+a) ~20v]j - )
—o0
0o o0 "
<C{ Z [Z 9(i—k)s—20(1-v)]i— k‘QkS”DkT 1f||Lp ‘| }
=—o00 Lk=—o0
1/q
e ( Z o(i—k)s—20(1-v)|i— k|2k5q||D Ty f|| >
i=—00 k=—o0
1/477Y M4
(Z o(i—k)s—20(1—v)|i— k)
k=—o00

1/q
sc{ > 2’“”|DkTJ;1f|iP(H)}

k=—o0

= C||T1§1f||B;q(u)
< Clf]

Bg, ()’

where 1/g+1/¢’ = 1. This proves that I, is bounded from Bf,q (1) to B;;ro‘(u) and
we have completed the proof of Theorem [B.11

We now establish the converse of Theorem .1l To this end, we will first show
that when « is very small, the composition operator I,1_, is invertible in the spaces
B;,(1). To do so, for any given N; € N, we decompose I — I,1_ into

I—I,0 = Z > (1=2")D;Diyp,

1=—00 \m\<N1

+ Z Z — 2D, Di

i=—00 |m|>Ny

=Ly, + L%,
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We will show that if Ny is large enough and if « is small enough, then the operator
norms of Lf\,l in the spaces B, (1) will be very small for i = 1, 2. Thus, Io1_ is

invertible in the spaces Bf;q(p).

Theorem 3.2. Let 6 be the same as in Definition21, let |s| < 0 and let |s—a| < 6.
Then for any v € (0,1/2) such that |s| < 2v6 and |s — a| < 200,

(3.12) 1L, s, oy 5, ) < C5 S |1 gmejp-20viml—ms
[m|<Ny

and

(3.13) 1L, 155, ()5, (1) < C5 ST |1 —2mejg20viml-ms
|m\>N1

for 1 <p, q <oco. Here Cs is independent of N1 and «.

Proof. We only show (3.12). The proof of (3.13) is similar.
To show (3.12), let {Dj}rez be the same as in Theorem 2.1. By Theorem 2.2]
for any j € Z, we can write

o0 oo

(3.14)  DjLy, f(x) = Z Z Z (1—2"*)D;D; Diym DY DTN f (),

i=—00 k=—o00 |m|<N;

where N is as in (2.31).
Let v be the same as in Theorem Similar to (3.9) and (3.10), by Lemma
23] we have

(3.15) | D; Di Dy DR DT £l o(10)
< C'NT%W*“HHm*kH||Dsz§1f||Lp(u)

and
(3.16) |1D; DiDiym DY DT fll Loy < CN272V DRT £l Lo -
The geometric means of (3.15) and (3.16) implies that

(3.17) |1D;D; Dy 1 DY DT fll o ()
< ON2~20Q=v)llj—il+li+m—k[]g—20v|m| ||DkTJ;1fHLp(M)_
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The formula (3.14), the estimate (3.17), the Minkowski inequality, the Holder
inequality and Theorem 2.1 tell us that

LN, s )

oo 1
=9 > 2D Ly, Il
j=—0o0
<C Z |1 _2ma|2—29u\m\ Z Z 2(]‘—1‘)5—29(1—1/)\]‘—1'\
|m|<Ny j=—o0 Li=—o0
ay 1/
> .
D DI R
k=—oc0
<C Z |1 72ma|27201/\m\7ms
[m|< Ny
- - ay 1/q
X{EI[EIanW?W”Wka“wavﬂmm]}
i=—o0 Lk=—oc0
. 1a
< C Z |1 _2ma|220umms{ Z kaq“DkT]GlfH%p(#)}
mI< Ny fi=—oo
O I i e Fo
|m|<Ny
<C Z |1 _ 2ma|2—29V\m\—ms||fHBs ()"
|m|<Ny

That is, (3.12) holds and we have finished the proof of Theorem [3.21
From Theorem B.2] it is easy to deduce the following result.

Corollary 3.1. Let 0 be the same as in Definition2.0], let |s| < 6 and let |s—a| < 6.
Then there is ag(s) > 0 such that if |a| < ag(s) and N1 € N is large enough,

Cs Z |1 o 2ma|2729u|m\7m5 + Z ‘1 o 2ma|2729u\m|7ms <1,

ImI<N; Im|> N,
where v € (0,1/2) satisfies that |s| < 2v0 and |s —a| < 2v8. Thus, if 1 <p, ¢ < o0
and |a| < ag(s), then (Ind_o) ™" exists in B, (1) and
aZ—0) g5, 053,00 < C-
If we change the order of I, and I_,, we have a similar result which is a simple

corollary of Corollary Bl above.

Corollary 3.2. Let 0 be the same as in Definition[23], let |s| < 6 and let |s+a| < 6.
Then there is ag(s) > 0 such that if |a| < ag(s) and N1 € N is large enough,

Cs Z |1 _ 2—mo¢|2—29v|m\—ms + Z ‘1 _ 2—ma|2—29u\m|—ms <1,
|m|< Ny |m|>Ny
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where v € (0,1/2) satisfies that |s| < 2v6 and |s+a| < 2v8. Thus, if 1 <p, ¢ < o0
and o] < ag(s), then (I_oIo)~" exists in B, (1) and

I(T-ata)™"] C.

B, ()= B3y () S
~ Theorem [J.T]and Corollary [3.2]imply the following lifting theorem for the spaces
By (1)
Pg

Theorem 3.3. Let 0 be the same as in Definition 23, |s| < 6 and |s+ «| < 6. Let
ap(s) be the same as in Corollary B2 and o] < ap(s). Then, if 1 < p, g < oo,
there is a constant Cg > 0 such that for all f € By (1),

O 11y gy < Mo Fll gty < CollFlL g

Proof. To show the theorem, we only need to verify its left-hand inequality. In fact,
by Corollary B:2] we have

1l o = U-ale) " Toalallp, (o < Cl-alallpy < Claf g0

We have completed the proof of Theorem [3.3

Finally, in this section, we study the dual spaces of the spaces ng(u). To begin
with, we establish the following lemma.
Lemma 3.2. Let 0 be the same as in Definition 2.0, let |s| < 0, and let { Dy }rez

be the same as in Theorem 2.1. Suppose that {gx }rez 1 a sequence of functions on
R If1<p, q < oo and

1/q
{Zkaqngk”%p(M)} < oo,

kEZ

then g(x) = Y cz Digr(x) € By, (1) and

gl

00 1/q
ks
Bsq(m<0{ > 2 q”gk”qw(m} !

k=—o00
where C' is a positive constant.
Proof. For Ly, Ly € Z and Ly < Lo, we define

Lo
97 (x) = > Digi(x).
k=1L



2998 DONGGAO DENG, YONGSHENG HAN, AND DACHUN YANG

Then for f € B;,fq, (u), noting that Dg(x,y) = Dy (y, z) and by the Holder inequal-
ity, we have

{ot2.7)

> (Digr, f)

k=1L
Ly

> gk Dif)]

k=L,

<Y Ngkllze | Def 1l o

k=L,

Lo /g Lo 1/q'
(S vt} {55 e, |

k=L, k=L,

1/q
{ S ok g, u)} 1755

k=L,

IN

A

IN

IN

Thus, gff € (B;,‘fq, (1))" and

Lo 1/q
ksq q
S5 0

k=L,

Lo
HQL1

From this, it follows that g € (B.,°

o (11)'s and Lemma[Z5 and the Hélder inequality
now tell us that

o 1/q
HQ‘B;q(H) = Z 2J8q||ngHqu(u)
J=—00
oo q l/q
< Z zgsq |DjDkgk|Lp(M)]
Jj=— k_—oo
%) q l/q
<c{ Z g(jk)s2jke2ks”gklm(“)]
=—o0 Lk=—o0
00 1/4q
<C Z Z 9i—k)s—2]j— k92ksq|gk|lﬂ’(u)>
j=— k=—oc0
[e'e] 1/‘1/ g a
( Z o(i—k)s—2[j— k9>
j 1/q
<C Y 20Tk ok g it
=—00 ]——OO
1/q
ks
C{ 2 q|9k|Lp(M)} .

That is, g € B ) and we have finished the proof of Lemma B.2
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We now can establish the dual theorem for the spaces Bf,q(u).

Theorem 3.4. Let 0 be the same as in Definition[Z3 and let |s| < 0. If 1 <p, ¢ <
oo and g € B, (1), then

Ly(f) =9, f)

defines a linear functional on B;)Sq, (1) and
(3.18) allg e gy < Cllalig o

Conversely, if 1 < p, ¢ < oo and L is a linear functional on Bf,q(,u), then there
exists a unique g € B;fq/ (u) such that

L(f) = (9, 1)
on B;q(u) and

(3.19) ”g”Bp_fq,(M) < C|‘£||(B;q(ﬂ))’-

Proof. The estimate (3.18) is just (3.5) in Proposition Bl
Conversely, suppose that £ is a linear functional on By, (). By Proposition B,
it is easy to see that £ is also a linear functional on B;q(u), and therefore, for all

feBs,(w),

Bg, ()

LN < 1Ll (5, oy 1]

Let {Dy}rez be the same as in Theorem 2.1. If f € B;q(u), then the sequence
{Dx f}rez is in the sequence space

oo 1/q
(07 = { ibeez s {fibrezllis o) = { > 2’qu|fk||‘;p(m} < oo
k=—o00
Define £ on a subset of the sequence space I5(LP) by
L{Dif}rez] = L(f)-
Then, if f € B;q(u), we have

LU{DesfYiez]| =1L < LN gy, (1]
=Ll 5,y HDxS trez

Bg, (1)

l5(Lp)
Thus, £ is bounded on this subset. The Hahn-Banach theorem tells us that £ can be

extended to a functional on [3(L?). Since it is well known that (ZZ(L”))/ = lqiS(Lp/)

for 1 <p, ¢ < oo (see [30]), there exists a unique sequence {gi }rez € l;,S(Lp/) such
that

Mo beezlh=+ 2oy < CIEN 5 myy < CIEN,

(1s(LP) Bs,(w)

and
o0

LU fidkez) = D {9k fi)

k=—o00
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for all {fi}eez € I3(LP). Thus, if f € B3, (), then Lemma B2 yields that

L(f) = L ({Dif}rez) = > gk De(f))
= Y (Drlgr), /) =( D Dilgr), f ),
k=—o00 k=—o00
since D} = Dj,. Let
9= Dilg).
k=—o0

Then Lemma B2 tells us that g € B;fq, (1) and
loll i+ < CMarbkezllizs oy < Ol 5 oy

Thus, (3.19) holds.
This finishes the proof of Theorem 3.4l
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